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Abstract
In this paper, we begin from the Klein-Gordon (KG) equation in 2D and change
the standard partial derivatives by the Dunkl derivatives to obtain the Dunkl-Klein-
Gordon (DKG) equation. We show that the generalization with Dunkl derivative of
the z-component of the angular momentum is what allows the separation of variables
of the DKG equation. Then, we show that DKG equations for the 2D Coulomb po-
tential and the Klein-Gordon oscillator are exactly solvable. For each of the problems,
we find the energy spectrum from an algebraic point of view by introducing suitable
sets of operators which close the su(1, 1) algebra and use the unitary theory of repre-
sentations. Also, we find analytically the energy spectrum and eigenfunctions of the
DKG equations for both problems. Finally, we show that when the parameters of
the Dunkl derivative vanish, our results are suitably reduced to those reported in the
literature for these 2D problems.
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1 Introduction
The reflection operators were introduced by Wigner [1] to generalize the boson quantization
rules and were applied by Yang to the deformed one-dimensional harmonic oscillators [2].
The reflection operators are also closely related to the solutions of the Calogero’s quantum
mechanical models [3, 4] and the integrable models of quantum mechanics, as the Calogero-
Sutherland-Moser models [5–7].
The Dunkl operators are combinations of differential and difference operators and are
associated to a finite reflection group. Dunkl reintroduced these operators to study poly-
nomials with discrete symmetry groups in several variables [8]. The Dunkl operators have
been applied to the study of Laplace’s operator in Rn. It has been shown that this consists
of the classical Laplacian plus another part that depends on the reflection operators which is
invariant only under the reflection group and not under the complete orthogonal group [8,9].
The Dunkl derivatives, closely related to the so-called Bannai-Ito and Dunkl-Schwinger
algebras, have been applied to solve the Schro¨dinger equation for the Coulomb problem
and the harmonic oscillator in two and three dimensions. It has been shown that the Ja-
cobi, Legendre, Hermite and -1 polynomials are involved in solving these problems [10–13].
Also, in Refs. [14, 15] we used the su(1, 1) Lie algebra and its irreducible representations to
solved the two-dimensional Dunkl-oscillator and the Dunkl-Coulomb problems. Recently,
the Schro¨dinger equation for the Dunkl-Coulomb problem in 3D has been solved and its
superintegrability and dynamical symmetry have been studied [16, 17]. In the relativistic
regime, in Ref. [18] we studied the problem of the Dirac-Dunkl oscillator in two dimensions.
In this article we study the Dunkl-Klein-Gordon DKG equation for the Coulomb poten-
tial and the Klein-Gordon oscillator in two dimensions. What we call the DKG equation
is the standard Klein-Gordon equation, in which the partial derivatives are changed for the
Dunkl derivatives. The main purpose of the present paper is to show that DKG equation
for the 2D Coulomb potential and the Klein-Gordon oscillator is exactly solvable and obtain
their respective energy spectrum and eigenfunctions. For each of these problems, we find the
energy spectrum by introducing suitable sets of operators which close the su(1, 1) algebra
and use the unitary theory of representations. Also, we solve analytically the DKG equation
for both of these problems and the energy spectrum and the eigenfunctions of the are found.
This work is organized as follows. In Section 2, we obtain the DKG equation in 2D for
the Coulomb potential. We show that the generalization with the Dunkl derivative of the
z-component of the angular momentum is the one that allows the separation of variables
for the DKG equation. By introducing a set of operators that close the su(1, 1) Lie algebra
and the tilting transformation, we obtain the energy spectrum from an algebraic point of
view. Also, we find the energy spectrum and eigenfunctions of the DKG equation for the
Coulomb potential exactly. In Section 3, we study the DKG equation in 2D for the Klein-
Gordon oscillator. We follow the same procedure that we used for the Coulomb potential.
Finally, in Section 4, we give some concluding remarks. It is argued that our results when
the parameters of the Dunkl derivative vanish are in complete agreement with those reported
in the literature for these 2D problems.
2
2 The DKG equation for the 2D Coulomb potential
The standard Klein-Gordon equation is given by
(∂µ∂µ +m
2c4)ΨC = 0. (1)
In two-dimensions and for stationary states this equation takes the form
(E − Vc(ρ))2ΨC =
(
c2
(
P+
e
c
A
)2
+ (m+ Vs(ρ))
2c4
)
ΨC , (2)
where we have assumed that a charged particle is subject to move under the influence of an
electromagnetic field with vector potential A, a vector potential Vc(ρ), and a scalar potential
Vs(ρ). Since the problem that will study in present paper is the Coulomb potential, then,
we set Vc(ρ) = eφ = −Ze2ρ , A1 = A2 = 0 and Vs = 0.
If we change in the standard Klein-Gordon equation the partial derivatives ∂
∂x
and ∂
∂y
by
the Dunkl derivatives
D1 ≡ ∂
∂x
+
µ1
x
(1− R1), D2 ≡ ∂
∂y
+
µ2
y
(1− R2), (3)
we obtain the DKG equation. In this definition, the constants satisfy µ1 > 0 and µ2 > 0 [13],
and R1 and R2 are the reflection operators with respect to the x− and y− coordinates, it
is to say, R1f(x, y) = f(−x, y) and R2f(x, y) = f(x,−y). Therefore, P2 = −~2∇2 changes
to P2 = −~2 (D21 +D22) ≡ −~2∇2D, where ∇2D is known as the Dunkl Laplacian. Hence, the
DKG equation to be solved in this Section is
HCΨC ≡
(−~2c2(D21 +D22) +m2c4 − (E − Vc)2)ΨC = 0, (4)
where we have defined the pseudo-Hamiltonian HC .
By using the action of the reflection operator Ri on a two variables function f(x, y) it is
shown that
R1D1 = −D1R1, R21 = 1,
∂
∂x
R1 = −R1 ∂
∂x
, R1x = −xR1, (5)
and similar expressions for the y− coordinate. Also, we show that the following equalities
hold
R1R2 = R2R1, [D1, D2] = 0, [xi, Dj ] = δij + 2µδijRδij (no sum over i and j). (6)
At this stage it is convenient to introduce the z-component of the Dunkl angular mo-
mentum Lz = −i~(xD2 − yD1). Thus, we show the following results[
xD2, D
2
1 +D
2
2
]
= 2D2D1, (7)[
yD1, D
2
1 +D
2
2
]
= 2D1D2, (8)
µi
xi
(1−Ri)V (ρ) = V (ρ)µi
xi
(1− Ri) , i = 1, 2, (9)(
x
∂
∂y
− y ∂
∂x
)
V (ρ) =
∂
∂φ
V (ρ) = V (ρ)
∂
∂φ
, (10)
3
where in the last equality we have used the polar coordinates ρ =
√
x2 + y2, tanφ = y
x
.
From these results it follows immediately that
[Lz , HC] = 0. (11)
This means that the operator Lz is a constant of motion of the pseudo-Hamiltonian HC .
As it will be shown below, this fact will allow us to solve the DKG equation (4) by using
separation of variables on the DKG wave function.
Explicitly, the Dunkl Laplacian in cartesian coordinates takes the form
∇2D = D21 +D22 (12)
=
∂2
∂x2
+
∂2
∂y2
+ 2
µ1
x
∂
∂x
+ 2
µ2
y
∂
∂y
+
µ1
x2
(1−R1) + µ2
y2
(1−R2), (13)
or in polar coordinates it is written as
∇2D =
∂2
∂ρ2
+
1 + 2µ1 + 2µ2
ρ
∂
∂ρ
− 2
ρ2
Bφ, (14)
where Bφ is given by
Bφ ≡ −1
2
∂2
∂φ2
+ (µx tanφ− µy cotφ) ∂
∂φ
+
µ1(1− R1)
2 cos2 φ
+
µ2(1− R2)
2 sin2 φ
. (15)
This operator is directly related to Dunkl orbital angular momentum Lz. In fact, it can be
shown that
L2z
~2
= 2Bφ + 2µ1µ2(1− R1R2). (16)
Considering that [R1, HC ] = [R2, HC ] = 0, the eigenvalues and eigenfunctions of the angular
part operator Bφ have been constructed in Refs. [10,13]. If Φ(φ) are the eigenfunctions and
s2
2
their corresponding eigenvalues we have
BφΦ(φ) =
s2
2
Φ(φ). (17)
Explicitly, the eigenfunctions Φ(φ) are labeled in terms of the quantum numbers (e1, e2),
which correspond to the eigenvalues (1 − 2e1, 1 − 2e2) of the reflection operators (R1, R2),
and are written in terms of the Jacobi polynomials P
(α,β)
ℓ (x) as
Φ
(e1,e2)
ℓ (φ) = η
(e1,e2)
ℓ cos
e1 φ sine2 φ P
µ1−1/2+e1,µ2−1/2+e2
ℓ−e1/2−e2/2 (− cos 2φ). (18)
Here, the possible values that ℓ can take are restricted according to
(e1, e2) ∈
{ {(0, 0), (1, 1)} , ℓ is a non-negative integer ,
{(1, 0), (0, 1)} , ℓ is a positive half-integer .
4
The factors η
(e1,e2)
ℓ are the normalization constants, and are given by
η
(e1,e2)
ℓ =
√(
2ℓ+ µ1 + µ2
2
)(
ℓ− e1 + e2
2
)
×√
Γ
(
ℓ+ µ1 + µ2 +
e1+e2
2
)
Γ
(
ℓ+ µ1 +
1+e1−e2
2
)
Γ
(
ℓ+ µ2 +
1+e2−e1
2
) . (19)
Also, from these results the eigenvalues of equation (17) take the form
s2 = 4ℓ(ℓ+ µ1 + µ2). (20)
From the orthogonality relation of the Jacobi polynomials, it can be deduced that the angular
wavefunctions Φ
(e1,e2)
ℓ (φ) satisfy [10, 13]∫ 2π
0
Φ
(e1,e2)
ℓ (φ)Φ
(e′
1
,e′
2
)
ℓ′ (φ)| cosφ|2µ1 | sinφ|2µ2dφ = δℓ,ℓ′δe1,e′1δe2,e′2. (21)
In the rest of this Section we will concentrate on studying the radial part of the DKG
equation for the Coulomb potential.
2.1 Algebraic approach for the DKG-Coulomb problem
Substituting the Laplacian operator in polar coordinates of Eqn. (14) into the expression
(4), we obtain that the DKG equation takes the form(
E +
Ze2
ρ
)2
ΨC =
(
−~2c2
(
∂2
∂ρ2
+
1 + 2µ1 + 2µ2
ρ
∂
∂ρ
− 2
ρ2
Bφ
)
+m2c4
)
ΨC (22)
By setting the DKG wave function as ΨC = R(ρ)Φ(φ), using the result of Eqn. (17), and
the definitions
λ =
2Eγ
~c
, γ =
Ze2
~c
, α =
m2c4 − E2
~2c2
, (23)
we can transform the Eqn. (22) to the following radial equation(
d2
dρ2
+
1 + 2µ1 + 2µ2
ρ
d
dρ
− s
2 − γ2
ρ2
+
λ
ρ
− α
)
Rnℓ(ρ) = 0. (24)
Since we are interested in the bound states, from now on we will suppose that α > 0. In
what follows we will find the energy spectrum of the DKG equation by using the su(1, 1)
approach and the tilting transformation [19].
The su(1, 1) Lie algebra is spanned by the generators K± = K1 ± iK2, and K0 , which
satisfy the commutation relations [20]
[K0, K±] = ±K±, [K−, K+] = 2K0. (25)
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The action of these operators on the Sturmian basis {|k, n〉, n = 0, 1, 2, ...} is
K+|k, n〉 =
√
(n+ 1)(2k + n)|k, n+ 1〉, (26)
K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (27)
K0|k, n〉 = (k + n)|k, n〉, (28)
where |k, 0〉 is the lowest normalized state. Equations (26)-(29) define the unitary irreducible
representations of the su(1, 1) Lie algebra. Thus, the number k completely determines a
representation of the su(1, 1) algebra. In the present work, we will restrict to the discrete
series only, for which k > 0. The Casimir operator for any irreducible representation of this
algebra satisfies
K2 = K20 −K21 −K22 = −K+K− +K0(K0 − 1) = k(k − 1). (29)
To find the energy spectrum for the DKG equation for the Coulomb potential, we intro-
duce the set of operators
A0 =
1
2
(
−ρ d
2
dρ2
− 2 (1/2 + µ1 + µ2) d
dρ
+
s2 − γ2
ρ
+ ρ
)
, (30)
A1 =
1
2
(
−ρ d
2
dρ2
− 2 (1/2 + µ1 + µ2) d
dρ
+
s2 − γ2
ρ
− ρ
)
, (31)
A2 = −iρ
(
d
dρ
+
1
ρ
(1/2 + µ1 + µ2)
)
, (32)
which close the su(1, 1) Lie algebra. These operators generalize those introduced by Barut
to study general central potentials [21, 22]. A direct calculation shows that the Casimir
operator for this algebra is
C2 = A20 − A21 −A22 = s2 − γ2 −
1
4
+ (µ1 + µ2)
2. (33)
According to Eqns. (20) and (29), the eigenvalues of C2 must satisfy
4ℓ(ℓ+ µ1 + µ2)− γ2 − 1
4
+ (µ1 + µ2)
2 = k(k − 1). (34)
From this equation, we obtain that the group number k (Bargmann index) for our problem
is
k =
1
2
+
√
(2ℓ+ µ1 + µ2)2 − γ2, (35)
where we have restricted to k > 0, since we are considering the discrete series only.
The radial DKG equation (24) written in terms of the su(1, 1) generators (30), (31) and
(32) result to be
[− (A0 + A1) + λ− (A0 − A1)α]Rnℓ(ρ) ≡ HRnℓ(ρ) = 0. (36)
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Now, we introduce the similarity transformation R˜nℓ(ρ) = e
−iθA2Rnℓ(ρ) and H˜ = e−iθA2HeiθA2.
The action of the scaling or tilting transformation on the operators A0 and A1 can be com-
puted from the Baker-Campbell-Hausdorff formula. Thus,
e−iθA2A0e
+iθA2 = A0 cosh(θ) + A1 sinh(θ), (37)
e−iθA2A1e
+iθA2 = A0 sinh(θ) + A1 cosh(θ). (38)
From these results it follows that
e−iθA2(A0 ±A1)eiθA2 = e±θ(A0 ± A1). (39)
Thus, equation (36) can be written as
H˜R˜(ρ) =
[
A0
(−eθ − αe−θ)+ A1 (−eθ + αe−θ)+ λ] R˜nℓ(ρ) = 0. (40)
If we choose the scaling parameter as θ = ln(α)1/2, the coefficient of A1 vanishes and therefore
H˜R˜(ρ) =
[
A0
(
−α 12 − α 12
)
+ λ
]
R˜(ρ) = 0, (41)
which implies (
A0 − λ
2
√
α
)
R˜(ρ) = 0. (42)
Thus, from the action of the operator A0 on the su(1, 1) states (equation (28)) we obtain
the relation
λ
2
√
α
= k + n. (43)
The energy spectrum of the DKG equation for the Coulomb potential can be obtained from
this result by using the definitions of equation (23), to obtain
E = ±mc2
(
1 +
~cγ2
(n+ k)2
)− 1
2
. (44)
Using the explicit form of the Bargmann index for our problem of equation (35), we obtain
that the energy spectrum of the DKG equation for the Coulomb potential is
E = ±mc2
(
1 +
γ2
(n +
√
(2ℓ+ µ1 + µ2)2 − γ2 + 12)2
)− 1
2
. (45)
The wave functions of this problem can be found in different ways, either through the action
of the raising K+ and lowering K− operators or by using the Sturmian functions. However,
in the next Section we will solve our problem analytically.
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2.2 Analytical solution of the DKG-Coulomb problem
In order to obtain the analytical solution of the DKG equation for the Coulomb potential,
we will study the equation(
d2
dρ2
+
A
ρ
d
dρ
− B
ρ2
+
λ
ρ
− α
)
f(ρ) = 0 (46)
which is more general than the radial equation (24) of our problem. Now, we apply the
change of variable ρ = r
2
√
α
to obtain the differential equation(
r
d2
dr2
+ A
d
dr
− B
r
+
λ
2
√
α
− r
4
)
f(r) = 0. (47)
On the other hand, it is known that the differential equation
xu′′ + (β + 1− 2ν)u′ +
(
n+
β + 1
2
+
ν(ν − β)
x
− x
4
)
u = 0, (48)
has as solution the functions [23]
u(x) = Ce−
x
2xνLβn(x), n = 0, 1, 2, ... (49)
where C is a normalization constant. Comparing equations (47) and (48), we identify x with
r, and u with f(r), and obtain the following set of equations
β − 2ν + 1 = A, ν(ν − β) = −B, n+ β + 1
2
=
λ
2
√
α
. (50)
From the first two equations we find
ν =
1
2
(
1− A+
√
A2 − 2A+ 4B + 1
)
, (51)
β =
√
A2 − 2A+ 4B + 1. (52)
By considering that λ = 2Eγ
~c
and α = m
2c2−E2
~2c2
, from the last equation of (50), we obtain
that the energy spectrum of the equation (47) is
E = ±mc2
(
1 +
γ2
n + 1
2
√
A2 − 2A+ 4B + 1 + 1
2
)− 1
2
(53)
In particular, for the DKG equation for the Coulomb potential, equation (24), the parame-
ters A and B are
A = 1 + 2µ1 + 2µ2, B = s
2 − γ2 = 4ℓ(ℓ+ µ1 + µ2)− γ2. (54)
Substituting these values of A and B into equation (53) we obtain that this energy spectrum
is equal to the spectrum of equation (45) obtained by algebraic methods. Hence, the values
8
of the parameter A and B of equation (54) lead to the parameters of the solutions (49) to
take the values
β = 2
√
(2ℓ+ µ1 + µ2)2 − γ2, (55)
ν = −µ1 − µ2 +
√
(2ℓ+ µ1 + µ2)2 − γ2. (56)
The normalization constant C of equation (49) for our problem can be computed from the
expression ∫ ∞
0
e−xxα+1 [Lαn(x)]
2 dx =
Γ(n+ α + 1)
n!
(2n + α+ 1). (57)
Thus, the constant C, which depends on n, ℓ, µ1, and µ2, is given by
C =
√
n!
Γ(n + 2
√
(2ℓ+ µ1 + µ2)2 − γ2 + 1)(2n+ 2
√
(2ℓ+ µ1 + µ2)2 − γ2 + 1)
, (58)
where we have used Eqns. (55) and (56). Therefore, the energy spectrum and radial eigen-
functions (ρ = r
2
√
α
) of the DKG equation for the 2D Coulomb potential are explicitly given
by
E = ±mc2
(
1 +
γ2
(n +
√
(2ℓ+ µ1 + µ2)2 − γ2 + 12)2
)− 1
2
, (59)
and
Rnℓ(ρ) =
√
n!
Γ(n + 2
√
(2ℓ+ µ1 + µ2)2 − γ2 + 1)(2n+ 2
√
(2ℓ+ µ1 + µ2)2 − γ2 + 1)
×(2√αρ)−µ1−µ2+
√
(2ℓ+µ1+µ2)2−γ2e−
√
αρL
2
√
(2ℓ+µ1+µ2)2−γ2
n (2
√
αρ), (60)
where n = 0, 1, 2, ....
It can be shown that these radial functions are normalized according to the following
expression [13] ∫ ∞
0
Rnℓ(ρ)Rn′ℓ(ρ)ρ
1+2µ1+2µ2dρ = δnn′ . (61)
Therefore, the wavefunctions ΨC = Rnℓ(ρ)Φ
(e1,e2)
ℓ (φ) for the DKG Coulomb potential are
orthogonal against the scalar product
〈f, g〉 =
∫ ∞
0
∫ 2π
0
f ∗(ρ, φ)g(ρ, φ)|ρ cosφ|2µ1 |ρ sinφ|2µ2ρdρdφ. (62)
3 The DKG equation for the 2D Klein-Gordon oscilla-
tor
The standard Klein-Gordon oscillator equation for stationary states in 2D is [24–28]
(E2 −m2c4)ΨO = c2 (P+ imωρρˆ) · (P− imωρρˆ) ΨO, (63)
9
where ρ =
√
x2 + y2 and ρˆ is a unitary radial vector. By changing the standard partial
derivative by the Dunkl derivative, and using the last commutation relations of equation (6),
we obtain
HOΨO ≡
(
−~2(D21 +D22) +m2ω2ρ2 + 2~mω(1 + µ1R1 + µ2R2) +m2c2 −
(
E
c
)2)
ΨO = 0,
(64)
where we have defined the pseudo-Hamiltonian HO. Using the results (7)-(10) it is immediate
to show that the z-component of the angular momentum Lz = −i~(xD2 − yD1) commutes
with HO:
[Lz, HO] = 0. (65)
If we define r =
√
mω
~
ρ, use the Dunkl Laplacian in polar coordinates (14), and that the
eigenvalues of the angular operator Bφ are
s2
2
= 2ℓ(ℓ+ µ1 + µ2), we obtain the DKG radial
equation for the 2D Klein-Gordon oscillator(
− d
2
dr2
− 1 + 2µ1 + 2µ2
r
d
dr
+
s2
r2
+ r2
)
R(r) = ǫR(r) (66)
where we have defined ǫ as
ǫ ≡
(
E2 −m2c4
mω~c2
)
− 2(1 + µ1R1 + µ2R2). (67)
In what follows, we will solve this equation using algebraic and analytical approaches similar
to those introduced in Section 2.
3.1 Algebraic approach for the DKG-Oscillator
To solve equation (66) by algebraic methods, we use the experience gained in solving alge-
braically the Shro¨dinger equation for the 2D harmonic oscillator [14]. Thus we find the set
of operators
O0 =
1
4
(
− d
2
dr2
− 1 + 2µ1 + 2µ2
r
d
dr
+
s2
r2
+ r2
)
, (68)
O+ =
1
2
(
−r d
dr
+ r2 − (1 + µ1 + µ2)− 2O0
)
, (69)
O− =
1
2
(
r
d
dr
+ r2 + (1 + µ1 + µ2)− 2O0
)
, (70)
(71)
which close the su(1, 1) Lie algebra (equation (25)). A direct calculation leads us to show
that the Casimir operator is given by
O2 =
s2 + (µ1 + µ2)
2 − 1
4
. (72)
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According to the su(1, 1) representation theory, this value must be equal to k(k − 1). From
this, we obtain that for the discrete series k > 0,
k =
1
2
(
1 +
√
s2 + (µ1 + µ2)2
)
= ℓ+
1 + µ1 + µ2
2
, (73)
where we have used that s2 = 4ℓ(ℓ+ µ1 + µ2). By writing the left hand side of Eqn. (66) in
terms of the O0 operator, and using Eqn. (28), we have
O0R(r) = (n + k)R(r) =
1
4
ǫR(r), (74)
From the second equality and the definition of ǫ (equation (67)), we get that the energy
spectrum is given by
E = ±mc2
(
1 +
4~ω
mc2
(
n + ℓ+ 1 +
µ1(1 +R1) + µ2(1 +R2)
2
)) 1
2
. (75)
It is convenient to remember that the eigenvalues of the operators (R1, R2) are given by
(1− 2e1, 1− 2e2), from which we obtain Table 1. According to the information presented in
(e1, e2) (R1, R2) s
2 = 4ℓ(ℓ+ µ1 + µ2)
(0,0) (1,1) ℓ non-negative integer
(1,1) (-1,-1) ℓ non-negative integer
(0,1) (1,-1) ℓ positive half integer
(1,0) (-1,1) ℓ positive half integer
Table 1: Possible values of ℓ in terms of the eigenvalues of (R1, R2)
Table 1 we have the following particular cases for the spectrum (75):
1) If ℓ is a non-negative integer, and the eigenvalues of (R1, R2) are (1,1), then
E = ±mc2
(
1 +
4~ω
mc2
(n+ ℓ+ 1 + µ1 + µ2)
) 1
2
, (76)
2) If ℓ is a non-negative integer, and the eigenvalues of (R1, R2) are (-1,-1),
E = ±mc2
(
1 +
4~ω
mc2
(n+ ℓ+ 1)
) 1
2
, (77)
3) If ℓ is a positive half integer, and the eigenvalues of (R1, R2) are (1,-1),
E = ±mc2
(
1 +
4~ω
mc2
(n + ℓ+ µ1)
) 1
2
, (78)
4) If ℓ is a positive half integer, and the eigenvalues of (R1, R2) are (-1,1),
E = ±mc2
(
1 +
4~ω
mc2
(n + ℓ+ µ2)
) 1
2
. (79)
We emphasize that in this case it was not necessary to use the tilting technique to find the
energy spectrum, as in the case of the Coulomb potential. However, in this problem the
energy spectrum explicitly depends on the eigenvalues of the reflection operators (R1, R2).
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3.2 Analytical solution of the DKG-Oscillator
Now, we proceed to solve theDKG equation for theKG oscillator, Eqn. (66) in an analytical
form. To do this, we consider the more general differential equation(
− d
2
dr2
− A
r
d
dr
+
B
r2
+ r2
)
R(r) = ER(r). (80)
Setting R(r) = r−
1
2
AG(r), and rearranging we obtain(
d2
dr2
+ E − r2 +
1
2
A− 1
4
A2 − B
r2
)
G(r) = 0. (81)
This equation has the same form of the differential equation
u′′ +
(
4n+ 2α + 2− x2 +
1
4
− α2
x2
)
u = 0, (82)
which has as solution the functions [23]
u(x) = C0e
−x2
2 xα+
1
2Lαn(x
2) n = 0, 1, 2, ... (83)
where C0 is a normalization constant. Thus, the comparison between equations (81) and
(82) leads to
α =
1
2
√
(A− 1)2 + 4B E = 4n+ 2 +
√
(A− 1)2 + 4B (84)
Equations (66) and (80) coincide with the identifications
E = ǫ B = s2 = 4ℓ(ℓ+ µ1 + µ2) A = 1 + 2µ1 + 2µ2. (85)
With these particular values it results that α = 2ℓ + µ1 + µ2. Using these expressions and
Eqns. (67), (84) and (85), we immediately show that the energy spectrum is
E = ±mc2
(
1 +
4~ω
mc2
(
n + ℓ+ 1 +
µ1(1 +R1) + µ2(1 +R2)
2
)) 1
2
, (86)
which is the same as that given by the equation (75). Hence, when ℓ is a non-negative
integer, and the eigenvalues of (R1, R2) are (1,1) or (-1,-1), we recover the case 1) and 2)
above, respectively. When ℓ is a positive half integer, and the eigenvalues of (R1, R2) are
(1,-1) or (-1,1) the cases 3) and 4) holds, respectively.
For this problem the normalization constant C0 can be determined by using α = 2ℓ +
µ1 + µ2 and the orthogonality of the Laguerre polynomials∫ ∞
0
e−xxα [Lαn(x)]
2 dx =
Γ(n+ α + 1)
n!
. (87)
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It results to be
C0 =
√
2n!
Γ(n + 2ℓ+ µ1 + µ2 + 1)
. (88)
Consequently, the eigenfunctions of the DKG equation for the Klein-Gordon oscillator are
explicitly given by
Rnℓ(r)O =
√
2n!
Γ(n + 2ℓ+ µ1 + µ2 + 1)
e−
r
2
2 r2ℓL2ℓ+µ1+µ2n (r
2). (89)
These radial functions are also normalized according to the equation (61) and therefore, the
wavefunctions ΨO = Rnℓ(r)OΦ
(e1,e2)
ℓ (φ) are orthogonal against the scalar product (62). In
this way we have computed the energy spectrum and eigenfunctions of the DKG oscillator
and shown that the analytical and algebraic methods used are in complete agreement.
4 Concluding remarks
In the present paper, we constructed the DKG equation for a charged particle subject to a
Coulomb potential. Then, we have shown that the DKG equation for the Coulomb potential
and the Klein-Gordon oscillator are exactly soluble in two different ways. In the first way,
we properly introduced for each problem a set of generators of the su(1, 1) Lie algebra and
used their properties to obtain the energy spectrum. In the second way, we solved the DKG
equation for each problem analytically and the energy spectrum and the eigenfunctions were
obtained.
We notice that if µ1 = µ2 = 0, the s
2 = 4ℓ2. In this case the angular part of the Laplacian
is Bφ = −12 ∂
2
∂φ2
, with eigenfunctions eimφ and eigenvalues m
2
2
. Since in general Bφ =
s2
2
, then
when the Dunkl derivative parameters vanish, s = m = 2ℓ. With this identification, if we
set the Dunkl parameters to vanish, µ1 = 0 and µ2 = 0, our results are in full agreement
with those reported in Ref. [29] for the Klein-Gordon equation with a Coulomb potential in
D dimensions with D = 2. Similarly, if we set µ1 = 0 and µ2 = 0 in our results obtained for
the DKG oscillator, they are suitably reduced to those presented in reference [30] for the
D-dimensional Klein-Gordon oscillator, with D = 2 and β = β ′ = 0, to obtain the standard
Heisenberg algebra.
Thus, the DKG equation for the Coulomb potential and the Klein-Gordon oscillator are
two other physical problems involving Dunkl operators which are exactly soluble.
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